In [3] we proposed a new Control Volume Finite Element Method with multi-dimensional, edgebased Scharfetter-Gummel upwinding (CVFEM-MDEU). This report follows up with a detailed computational study of the method.
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Introduction
In this report we study computationally the new Control Volume Finite Element Method with multidimensional Scharfetter-Gummel upwinding (CVFEM-MDEU), proposed in [3] (referred henceforth as Part 1). To facilitate comparison with other published algorithms, we present results for the generic scalar advection-diffusion equation
(
We assume that ∇ · u = 0. Our study compares the CVFEM-MDEU scheme [3] , specialized for (1), with several CVFEM and FEM formulations. The first two CVFEM formulations are derived from the CVFEM-MDEU by simplifying the computation of the flux integrals on the sides of the control volumes, the third is the nodal CVFEM [2] without upwinding, and the fourth is the streamline upwind version of CVFEM [10] . The finite element methods in our study are the standard Galerkin, SUPG [6] and artificial diffusion methods for (1).
The report is organized as follows. Section 0.2 states the CVFEM and FEM formulations studied in this report. Section 0.3 specifies the test problems (1) and Section 0.4 describes the grids used in the computational study. Section 0.5 presents the numerical results obtained with the different methods. Sections 0.6 summarizes our findings.
Notation
We follow the notation established in Part 1. In all examples Ω is the unit square [0, 1] and K h (Ω) is a conforming, logically Cartesian, but not necessarily uniform, finite element partition of Ω into quadrilateral elements K s . G h (Ω) and C h (Ω) are the lowest-order H 1 (Ω) and H(curl, Ω)-conforming spaces on K h (Ω). Thus, G h (Ω) is the C 0 piecewise bilinear finite element space (nodal, or Lagrangian elements) and C h (Ω) contains piecewise polynomial vector fields whose tangential component is continuous along the element edges (edge, or Nedelec elements) [9] . The basis of G h (Ω) is {N i }, v i ∈Ω and { W ij }, e ij ∈Ω is basis for the Nedelec edge elements.
The order of the edge vertices induces the orientation σ ij of e ij : The oriented unit tangent on e ij always points towards the second vertex of the edge:
To simplify notation, throughout the paper we assume that edge basis functions W ij are oriented along the direction of the edges e ij , i.e., W ij · t ij > 0.
For quadrilateral grids the control volume C i corresponding to vertex v i is constructed as follows. For every element K r which has v i as a vertex, i.e., for every K r ∈ K(v i ), we connect its barycenter b r with the midpoints m ik and m il of the two edges coming out of v i ; see Fig. 1 . This construction guarantees that v i ∈ C i whenever the grid is comprised of convex but not necessarily uniform quadrilaterals.
Summary of the discretization methods
In this report we consider H 1 (Ω)-conforming CVFEM and FEM formulations, which seek approximate solutions φ h of (1) in the nodal space G h (Ω). As a result, all methods use identical representations of the discrete solution in terms of the nodal basis:
The CVFEM and FEM methods use different approaches to construct the matrix problem K n = f for the unknown vector of nodal coefficients n = (n 1 , . . . , n N ). We briefly review the methods compared in this report.
CVFEM formulations
The basic CVFEM method for (1) is defined by the "weak" equation
where J h is approximation of the total flux J = ε∇φ − uφ. Different choices of J h lead to different CVFEM formulations. In the nodal CVFEM the finite element solution (3) defines the discrete nodal flux
We term this formulation CVFEM-N. The stiffness matrix K in the CVFEM-N has element
The streamline upwind version [10] of CVFEM-N employs the upwind flux
We term this method CVFEM-NSU. In (7) we use the same stabilization parameter as in [10] :
where h K is the element size and
is the element Peclet number.
Edge element based CVFEM formulations. The edge-based CVFEM, proposed in Part 1, uses a discrete flux defined in terms of the edge element basis
where n i , n j are nodal values at the endpoints of e ij , and
are the edge velocity and the edge Peclet number for edge e ij , respectively. The coefficients of the edge basis functions in (9) are derived by applying the Scharfetter-Gummel formula for (1) to the edges of the mesh; see Part 1. The elements of the resulting edge-based CVFEM stiffness matrix K are
where σ nj is the orientation of edge e nj defined in (2).
Formula (11) involves integrals of W nj · n on the sides of the control volume, which must be approximated by quadrature rules. We consider three versions of the edge-based CVFEM, which correspond to three different ways to compute these integrals. However, regardless of the particular choice of a CVFEM formulation, assembly of the stiffness matrix can be accomplished in a completely standard manner by computing and scattering contributions from individual elements. The contribution K r ij from an element K r to the global stiffness matrix is
where ∂C r ij and ∂C r ik are the sides of the control volume fraction C i ∩ K r ; see Fig. 2 . We recall that E(v j ) is the set of all edges connected to vertex v j and E(K r ) is the set of all edges in element K r . Therefore, in two-dimensions, the intersection E(v j ) ∩ E(K r ) contains exactly two edges.
The CVFEM-MDEU formulation The CVFEM with Multi-Dimensional Edge-based Upwinding (CVFEM-MDEU) formulation corresponds to computation of the integrals on ∂C i in (11) by using the midpoint rule on each side. Specifically, the CVFEM-MDEU method approximates the element contribution K r ij in (12) by using the midpoint rule for the integrals on ∂C r ij and ∂C r ik :
In (11) W nj · n r ij
and W nj · n r ik
are the normal components of the edge basis function W nj , evaluated at the midpoints m r ij and m r ik of the control volume fraction sides ∂C r ij and ∂C r ik , respectively; see the left pane in Fig. 2 .
The CVFEM-EPEU formulation. The CVFEM with End-Point Edge-based Upwinding corresponds to computation of the integrals on the control volume sides in (11) by a one-point quadrature rule. The integration point for side ∂C r ij is the midpoint m ij of the edge e ij , which intersects the side, instead of the midpoint m r ij of the side itself. As a result, the CVFEM-EPEU formulation approximates the element contribution K r ij in (12) using the formula and ∂C r ik , but retains the unit normals to the these sides. The second simplification of the CVFEM-MDEU, the CVFEM-DSEU scheme, uses the edge midpoints m ij and m ik and the edge unit tangents t ij , t ik .
In contrast to (13), in this formula W nj · n r ij and W nj · n r ik are the normal components of the edge basis function W nj , evaluated at the midpoints m ij and m ik of the edges e ij and e ik , respectively; see the midlle pane in Fig. 2 .
The CVFEM-DSEU formulation. The CVFEM with Dimension-Split Edge-based Upwinding approximates the integrals on the control volume sides in (11) using the formula
In this formula W nj · t r ij
and W nj · t r ik
are the tangential components of the edge basis function W nj , evaluated at the midpoints m ij and m ik of the edges e ij and e ik , respectively; see the right pane in Fig. 2 . Therefore, the only difference between the CVFEM-DSEU and the CVFEM-EPEU is in the component of the edge basis function they employ. We can interpret CVFEM-DSEU as an approximation of CVFEM-EPEU in which the unit normal to a control volume side is replaced by the unit tangent to the edge which intersects this side. The CVFEM-DSEU and CVFEM-EPEU are identical on rectangular grids where the element edge tangent is collinear with the control volume side normal.
Finite element methods
The standard Galerkin method for (1) is usually defined by the weak equation
Weak form (16) relies on the assumption that u is divergence free so that ∇ · ( uφ h ) = u · ∇φ h .
The artificial diffusion version of the Galerkin method adds to (16) the weak form of the dissipation term −h∆, where h is the mesh parameter. The corresponding variational problem is
The additional dissipation term helps to stabilize the finite element solution when ε h.
For bilinear elements the second-order terms in the classical SUPG formulation [6] vanish and the SUPG weak equation assumes the form
In our study we define the stabilization parameter τ on element K as in [5] τ
where h K is the element size and P e is the element Peclet number defined in (8) 
Specification of the example problems
For each example problem we specify the advective velocity u, the Dirichlet boundary data g, and the forcing term f . To increase or decrease the Peclet number we vary the value of the diffusion coefficient ε.
are the bottom and top sides of Ω and
are the left and the right sides of Ω, respectively Example 1: Linear solution. This is a manufactured solution problem with an exact solution φ = x + y. Substitution of the exact solution into the PDE (1) defines the boundary data and the forcing term.
Example 2: Pseudo one-dimensional problem. In this problem
Solution of this example problem develops an exponential boundary layer at the right side Γ R . 
Discontinuity in the boundary data leads to an internal layer of width O( √ ε). Near Γ T the solution of (21) develops an exponential boundary layer to match the prescribed boundary data on Γ T .
Problem (22) is known as the double-glazing problem. It models temperature distribution in a cavity with a "hot" external wall (Γ R ).The discontinuities at the two corners of the hot wall create boundary layers near its corners.
Specification of the computational grids
Our numerical study employs uniform grids and three different nonuniform structured quadrilateral grids. All grids are defined by moving the nodes of an initial uniform grid, i.e., the mesh node positions are specified by
where N x and N y are the numbers of cells in x and y direction, respectively, γ is real parameter, x(ξ, η, γ) and y(ξ, η, γ) are coordinate maps and
are the initial (uniform) grid coordinates, respectively. For uniform grids
Randomly perturbed grids. The coordinate maps for these grids are
where r x , r y are uniformly distributed random numbers in [−1, 1], and γ ≥ 0 is the strength of the perturbation. The nodes on the vertical sides are not allowed to move horizontally and the nodes on the horizontal sides are not allowed to move vertically.
We use γ = 0, 1, 2. If γ = 0, then the x and y coordinates of the mesh nodes can move up to 1/4 of the initial uniform element size along their respective coordinate axes. We refer to the resulting grids as O(1) perturbations of the initial uniform grid; see Fig. 3 . If γ = 1, the coordinate movement is limited to h times 1/4 of the element size, and if γ = 2 the motion is further restricted to h 2 times 1/4 of the element size. We refer to these cases as O(h) and O(h 2 ) perturbed uniform grids; see Fig. 3 .
Tensor product grids. We use a coordinate map definition from [7, 8] :
where 0 ≤ γ ≤ 1. The coordinate maps (26) generate a sequence of rectangular, affine tensorproduct grids; see the left pane in Fig. 4 . Smooth non-afine grids. The coordinate maps for this grid type are also from [7, 8] :
Here, the function α is
The coordinate maps (27) define logically Cartesian but not rectangular grids; see the middle pane in Fig. 4 . For any 0 ≤ t ≤ γ the grids generated by (26) and (27) are valid [8] .
Structured non-affine grids. The "trapezoidal" grid from [1] is the third nonuniform grid type in the study. The coordinate maps for this grid are
These grid functions require even numbers N x and N y of grid cells in the x and y directions. The grid functions only perturb the y-coordinates of the nodes on the odd horizontal grid lines 1 , i.e., when j = 2k + 1. If the x grid line is even, i.e., i = 2l, the y-coordinate shifts down by 1/4h, otherwise, it moves up by the same amount; see the right pane in Fig. 4 .
Computational results
Example 1: Linear solution. This example tests how well the edge-based upwind CVFEM formulations approximate a function that belongs to the finite element space G h . The Galerkin and SUPG methods are weighted-residual formulations, which recover globally linear functions on any mesh and for any advective vector. The edge-based CVFEMs, the CVFEM-N and the CVSFEM-NSU are not residual-based formulations. In general they recover a globally linear function only on select grids and for constant advective fields.
To determine the boundary data and the right hand side we substitute the exact solution φ = x + y into (1). The diffusion coefficient is ε = 0.01 and the velocity field is from Test 3, i.e., u is defined in (21). We solve (1) Therefore, in all cases the problem is diffusion dominated. Table 1 and Figures 5-6 summarize the results from this test. As expected for constant advection fields, on uniform grids the edge-based and the nodal CVFEM formulations recover the exact solution of the test problem. On the rectangular (but not uniform) tensor product grid the three edge-based CVFEM formulations do not recover the linear solution but their accuracy is identical.
Calculations on the randomly perturbed grids reveal that only the CVFEM-MDEU performs well. As the strength of the grid perturbation increases, the accuracy of the CVFEM-EPEU and CVFEM-DSEU deteriorates to a point where on the O(1) random grid their results are unusable; see the bottom row in Fig. 5 .
The same holds true for CVFEM-EPEU and CVFEM-DSEU on the smooth and trapezoidal grids; see the last two rows in Fig. 6 . On the trapezoidal grids CVFEM-EPEU and CVFEM-DSEU develop strong node to node oscillations, while on the smooth grid we see strong mesh imprinting in the results. With γ = 0.1 the tensor grid is de-refined along the right side Γ R where the solution develops a boundary layer. This choice is intentional to make the test more challenging. Figures 7-9 present the computational results. The plots in these figures show that the CVFEM-MDEU introduces the least amount of "pollution" from the non-uniform grid. Interestingly, the pollution effect in the CVFEM-NSU and SUPG is accentuated especially strongly on the rectangular tensor grid, which is affine, and not on the O(1) and the smooth grids, which are non-affine. CVFEM-MDEU preserves perfectly the one-dimensional character of the flow whereas the other two formulations do not. While CVFEM-MDEU is more dissipative than CVFEM-NSU and SUPG it is significantly less dissipative than the standard artificial diffusion method. Results in Figures 14-15 clearly demonstrate this property of the new scheme. Figures 16-17 present the results. As before, the CVSEM-NSU and the SUPG perform similarly. Likewise, the CVFEM-MDEU is the most dissipative and the SUPG is the least dissipative from the three formulations. However, as the plots in Figures 18-19 show, the CVFEM-MDEU is significantly less dissipative than the classical artificial diffusion. These figures show that artificial diffusion completely destroys the distinguishing characteristics of the double glazing example, whereas the CVFEM-MDEU does not.
Conclusions
We presented an extensive computational study of the new CVFEM-MDEU formulation on a series of standard test problems for scalar advection-diffusion equations. Our study compares CVFEM-MDEU with two simplified versions of the method, nodal CVFEM with and without upwinding, SUPG and artificial diffusion stabilized Galerkin.
The objectives of our study are to 1) demonstrate that CVFEM-MDEU is indeed a truly multidimensional extension of the classical Scharfetter-Gummel upwinding, and 2) compare the new formulation with published algorithms.
The computational study in this report clearly demonstrates that CVFEM-MDEU performs well over a wide range of non-uniform grid, and so, it is indeed a proper multi-dimensional extension of Scharfetter-Gummel to arbitrary grids. The new formulation introduces more dissipation than SUPG but significantly less dissipation than an artificial diffusion approach. Most importantly, tests such as the double glazing problem demonstrate that the CVFEM-MDEU formulation does preserve important qualitative features of the solution that are completely destroyed by artificial diffusion.
Furthermore, in many cases the CVFEM-MDEU delivers nearly monotone solutions whose overshoots and undershoots are significantly smaller than those in the SUPG and the CVFEM-NSU solutions. 1 MS 1320
